Non-equilibrium Green's function theory for non-adiabatic effects in quantum transport Kosov, J.Chem. Phys. 2017, 147, 224109 and J. Chem. Phys. 2018, 149, 044121] is extended to the case of interacting electrons. We consider a general problem of quantum transport of interacting electrons through a central region with dynamically changing geometry. The approach is based on the separation of time scales in the non-equilibrium Green's functions and the use of Wigner transformation to solve the Kadanoff-Baym equations. The Green's functions and correlation self-energy are non-adiabatically expanded up to the second order central time derivatives. We produced expressions for Green's functions with non-adiabatic corrections and modified formula for electric current; both depend not only on instantaneous molecular junction geometry but also on nuclear velocities and accelerations. The theory is illustrated by the study of electron transport through a model single-resonant level molecular junction with local electron-electron repulsion and a dynamically changing geometry.
I. INTRODUCTION
The description of correlated quantum many-body systems far away from equilibrium remains one of the most challenging problems of physics.
1 A molecular junction, a single molecule attached to two macroscopic leads held at different chemical potentials, represents an ultimate challenge for theory due to two distinct and interconnected features: electronelectron interactions and structural flexibility. 2 Molecular junctions carry an extremely large current density of the order of microamperes per square nm, many orders of magnitude larger than is usual in mesoscopic devices. Molecular junctions also show a high inhomogeneity of electron density such as cusps on nuclear positions, lone pairs and electron concentrations along chemical bonds. Compared to traditional semiconductor devices, the correct treatment of electron-electron interactions is critical for determining electrical conductivity.
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The electronic correlations are amplified in far-from-equilibrium situations owing to an increased number of available states for electron-electron scattering.
Unlike silicon based devices, the molecular junctions are not rigid structures as they are always prone to large amplitude nuclear motions, current induced conformational changes and even chemical reactions. [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] These characteristic properties of molecular junctions have proven difficult to implement theoretically. Different models have developed to tackle this problem in a wide range of theoretical formalisms: master equations, [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] path integral, 47 scattering theory, [48] [49] [50] [51] non-equilibrium Green's functions, [52] [53] [54] [55] [56] [57] [58] [59] and multilayer multiconfiguration time-dependent Hartree theory. 19, [60] [61] [62] These approaches (apart from several recent works [23] [24] [25] [26] [63] [64] [65] [66] [67] ) have almost universally assumed that nuclear vibrations are harmonic in nature, effectively describing systems that deviate slightly from their zero-current and equilibrium geometry. In addition, it is common to treat either the electron-vibration or moleculeelectrode couplings as the small parameter relative to other energy scales in the system.
Moreover, in standard approaches, the electronic correlations and dynamical conformational changes are often neglected altogether (like it is done in most computer codes for first principles electron transport calculations). [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] At best they are considered as separate and uncoupled entities: either electronic-correlations are treated for a "frozen" molecular geometry [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] or molecular conformation changes are considered for nonointeracting resonantlevel model. 24, 26, 33 The scope of current theoretical work with simultaneous modeling electronic correlations and nuclear dynamics is, at present, limited and all these considering nuclear motion as harmonic vibrations around equilibrium geometry.
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Recently, several authors have used gradient expansions, 81 a technique reaching back to work of Kaydanoff and Baym, 82 in their theoretical approaches, 24, 26, [63] [64] [65] [66] [67] 83, 84 where classically described nuclei are treated as a slow disturbance in non-equilibrium Green's functions. Our previous works expanded on this methodology, where we developed a transport theory in the non-equilibrium Green's function formalism that takes into account the non-adiabatic effects of nuclear motion. 66, 67 The theory allowed for the computation of non-adiabatic effects associated with nuclear motion in the central region and at the molecule-electrode interface.
This paper serves as a natural extension, where we further develop the theory to account for electron-electron interactions in the system. Equations are resolved by treating nuclear velocity as the small parameter through a gradient expansion where, consequently, one can separate an adiabatic component originating from a frozen nuclear geometry and a nonadiabatic term that arises in nuclear motions. As such, the equations can be solved while making no assumptions regarding small or harmonic nuclear motion, nor is it required that electron-nuclear, molecule-electrode or electron-electron interactions be considered small.
The outline of the paper is as follows. Section II describes the general theory: solution of the real-time Kadanoff-Baym equations for molecular advanced, retarded and lesser Green's functions using Wigner representation. This section also contains the derivation the general expression for electron current which includes electronic correlations along with the non-adiabatic corrections due to nuclear dynamical motion. In section III we illustrate the proposed theory by the application to electron transport through a molecular junction modelled by the Anderson model with a time-dependent energy level. We use atomic units in the derivations throughout the paper ( = |e| = m e = 1).
II. THEORY
A. Hamiltonian, Green's Functions and Self-Energies
In this section we present the governing Hamiltonian, Green's functions and self-energies, and introduce notation conventions that will be used throughout the document. We start with the generic Hamiltonian for quantum transport through the system which consists of a central (scattering) region connected to two macroscopic leads. We will call the central region a "molecule", but all our results are applicable to the general case where the central region are represented by a quantum dot, atom, or any other nano-scale system with time varying geometry. This Hamiltonian takes the form
where H M is the Hamiltonian for the molecule, H L and H R are the Hamiltonians for the left and right leads, H M L and H M R are the interaction between the central region and the left and right leads, respectively. The Hamiltonian for the central region is explicitly time-dependent and contains electronic interaction
where we have made use of the multidimensional vector R(t) that describes the geometry (positions of nuclei in the case of molecular junction) of the central region at time t. The quantity h ij (R(t)) is matrix element of the single-particle part of the molecular Hamiltonian computed in some basis. The electron-electron interaction or, possibly, the electron-phonon interaction if we choose to treat part of the nuclear degrees of freedom not included in R(t) quantum mechanically is described by V C . As is typical for molecules, we assume that only the single-particle part of the Hamiltonian depends explicitly on molecular geometry. We omit, at this point, the classical part of the Hamiltonian which generates trajectory R(t)
since it does not influence equations for the electronic Green's functions.
The left and right leads are modelled as macroscopic reservoirs of non-interacting electrons
where a † kν (a kν ) creates (annihilates) an electron in the single-particle state k of either the left (ν = L) or the right (ν = R) electrode. The coupling between central region and left and right leads are described by the tunnelling interaction
where t kνi is the tunnelling amplitudes between leads and molecular single-particle states.
Next, we define the exact (non-adiabatic, computed with full time-dependent Hamiltonian along a given nuclear trajectory R(t)) retarded, advanced, and lesser Green's functions as
and
The self-energies of leads are not affected by the time-dependent molecular Hamiltonian and they are defined in the standard way. 85 Self-energy components for the leads are given by
Here f ν is the Fermi-Dirac distribution of the ν lead. The total lead self-energies are the sum of contributions from the left and right leads respectively as
The retarded self-energies in the energy domain are defined in a standard way as a Fourier transformation of time domain self-energies defined above:
where the level-width functions are
and level-shift functions ∆ νij (ω) can be computed from Γ νij (ω) via Kramers-Kronig relation.
85
The advanced and lesser self-energies are computed from the retarded self-energy as
B. Separation of time-scales in the Kadanoff-Baym equations of motion
We begin with the Kadanoff-Baym equations of motion for the retarded, advanced and lesser Green's functions
where we consider the retarded and advanced equations collectively. Note that we have chosen to work with the Kadanoff-Baym equations in matrix form where the Green's functions, self-energies and Hamiltonian h become matrices in the molecular orbital space. Here Σ C is the self-energy from correlation in the central region (also matrix in molecular orbital space) and the choice of the particular form is not relevant for our immediate discussion.
We are motivated to transform the equations of motion to the Wigner space where fast and slow time scales are easily identifiable. To do so, we define the central time T and relative time τ parameters
and introduce the Wigner representation of the Green's function
The inverse transformation from the Wigner representation to time domain is
It can be shown that applying the the Wigner transform to both sides of equations (17) and (16) yields the equations of motion in the Wigner space
The following frequently appearing quantities are symbolically redefined as
Rearranging the equations slightly and implementing the above quantities we find
We observe that the RHS of the equations of motion contain first and second order derivatives acted on from the left by matrix quantities (self-energy components and their derivatives).
It is useful to define the differential operatorsP g i andD g i which consist of first and second order derivatives respectively. We choose to denote the self-energy components of a given differential operator with the superscript g ∈ {R, A, <}. The operatorsP
We note that we have made use of the subscript i ∈ {a, b} which differentiates between the two first and second order operators with different matrix coefficients. For example, when considering the first order differential operator, the subscript i differentiates between
Similarly, when considering the second order differential operator the subscript i differentiates betweenD
These definitions are useful as it allows us to take derivatives of a Green's function component once for arbitrary matrix quantities with the resultant expression being adapted depending on what matrix quantities are being considered (see Appendix). Using these simplification schemes we find that the equations of motion become
The equations of motion have now been transformed into the Wigner space and a more manageable form. There are two intricacies associated with a perturbative solution to the equations of motion: dealing with (i) the functional dependencies of Σ T on the Green's function components in the system space and (ii) the Green's function components explicit in the equations of motion. We will deal with these intricacies separately where we first deal with the functional dependencies of the self-energy terms as seen in the next section.
C.
Non-adiabatic expansion of the correlation self-energy
The self-energy terms have explicit dependencies on the Green's functions. We start by taking a second order perturbation in the Green's functions
from the adiabatic case in the power of the smallness parameter λ. It follows that the correlation self-energy components are approximated as
which we reform as
by introducing the quantity D = G (1) + λ G (2) which encompasses non-adiabatic corrections.
We now take a functional Taylor series expansion in the self-energy to get
, (49) where we have labelled the adiabatic and non-adiabatic components respectively. It follows that the total self-energy is then given by
where j keeps track of perturbative corrections where j ∈ {(0), ( 
where above we have labelled the adiabatic and non-adiabatic components. Note that we have neglected terms above the second order after applying the central time derivatives as they do not appear in the solution. As such A R/A , B R/A γ and C R/A γγ ′ can be represented as the sum of their adiabatic and non-adiabatic components as
It is useful to define the perturbative orders of the differential operatorsP andD using the expressions derived above. Considering the first order differential operators and substituting in explicit expressions we find that
Considering now the second order differential operators we find that
andD
In all equations above we have labelled the perturbative orders and neglected terms that exceed the second order. This convention is very useful as it allows us to resolve the equations of motion into its perturbative orders easily, along with simplifying notation. As a result we find that the equations of motion, with some rearrangement, become
The equations of motion have been altered as a consequence of dealing with the self-energy dependencies on Green's functions in the system space. In the next section we deal with the Green's function explicit in the equations of motion themselves.
D. Solution of the Kadanoff-Baym equation
In the previous section, the Wigner space Kadanoff-Baym equations have been derived retaining terms in the central time derivatives up to the second order. We will now solve these equations. We will first consider the retarded and advanced Green's function components before considering the lesser Green's function. Derivations from this point will make frequent use of commutator and anti-commutator operations given by [·, ·] − and [·, ·] + respectively.
Retarded/Advanced Components
We now take a second order perturbation in the retarded/advanced Keldysh components such that
where λ is the "book-keeping" parameter for the orders of central time derivatives. We substitute the perturbative expansion of G R/A into the retarded/advanced equations of motion to find
. (64) We now split the retarded/advanced equations of motion based on order to get (letting
It is easy to see that (65) can be solved to give
which is the standard and well-understood adiabatic retarded/advanced Green's function which we re-label to
We now consider (66) where we first rearrange in terms of G R/A
(1) to get
It can easily be shown that
As a result we can show that
where this allows us to specify G
Now focussing on the equation of motion for G R/A (2) given by (67), we rearrange in terms of G 1) . (75) Using (71), (72) and the definition ofP R/A a(2) , one can show that
We now consider the second order derivatives of G R/A in order to compute an expression for
. These derivatives are given by
These derivatives allow us to show that
One can compute explicit expressions for the derivativeP
which, in the interest of presentation, has been left to the Appendix B. Ultimately, this leads to an explicit expression for G R/A (2) , which has been relegated to Appendix A.
Lesser Components
We now turn our attention to deriving non-adiabatic corrections to the lesser Green's function, which, as we shall find, is significantly more tedious. Taking a second order perturbation of the lesser Green's function component as
which when substituted into the equation of motion for the lesser Green's function becomes 2) . (82) We now split the lesser equation of motion based on order to get
It is easy to see that (83) is solved to give
which is the standard adiabatic lesser Green's function which we relabel to
Considering now (84), we first rearrange in terms of G
From the adiabatic lesser Green's function it follows that we can calculate its derivatives.
We find that
This allows us to show that
From the previous section we can find that
Taking note of these quantities and applying some rearrangement, we find that G < (1) is given by
where we have chosen to keep G A (1) , given by (74) , as an input in order to keep expressions more manageable. We now focus on solving the second order lesser equation of motion. It
The explicit expression for G < (2) is particularly cumbersome where, in the interest of presentation, we relegate some of the more complicated terms to the Appendix (these will be clearly labelled). Expressions for differential operators acting on adiabatic advanced Green's functions along with the first order differential operator acting on the adiabatic lesser Green's function can be easily adjusted from previous sections and will not be repeated here. Furthermore, expressions for G
(1) will be left as inputs. Implementing the more manageable terms we find that G < (2) take the form
where we have labelled the final three terms according to where in the Appendix their respective expressions can be found.
E. Electric current with non-adiabatic corrections
Having obtained the non-adiabatic corrections to the retarded, advanced and lesser
Green's function we now derive the equation for the electric current using the Meir-Wingreen formula. We begin with the general expression for electric current flowing into the molecule from left/right leads at time t:
where the trace is taken over the molecular orbital indices and the subscript ν ∈ {L, R} denotes the left or right lead. Note that we have chosen the symbol J to denote the exact current which is in terms of the exact Green's functions. Transforming this equation to the Wigner space we find
where the real-time current can be computed as
Expanding the exponential to the second order we get (dropping function dependencies)
We now consider the previously computed perturbative expansions of the Green's functions in the system space which we implement by making the substitution
in the power of the smallness parameter. It follows that one can then compute the adiabatic lead current J ν (t) and its non-adiabatic lead current corrections given by J ν(1) (t) and J ν(2) (t) such that
where the symbol J has been used to denote the non-exact current. Substituting (100) into (99), setting the smallness parameter to α = 1 and splitting the equation based on order, we find that the adiabatic lead current and its non-adiabatic lead current corrections are given by
In the expressions above we have also made use of the identities
and dω A∂
for arbitrary self-energy and Green's function quantities Σ and A. It follows that equations (102), (103) and (104) combined according to (101) allow one to compute the adiabatic current with non-adiabatic corrections provided that one has knowledge of the lead selfenergy terms and the perturbative approximations to G.
III. MODEL APPLICATIONS: ELECTRON TRANSPORT THROUGH ANDERSON IMPURITY WITH TIME-DEPENDENT LEVEL ENERGY
The proposed theory is illustrated in the single resonant level case with local electronelectron repulsion (Anderson impurity). The energy level depends on the one-dimensional classical variable x = x(t) which makes the Hamiltonian for the central region explicitly time-dependent
where
We now simplify the Green's function and self-energy components by appealing to the spin degeneracy of the problem (assuming non-magnetic electronic population of the impurity).
All cross-spin Green's functions vanish as
The Green's functions for spin-up and spin-down electrons are identical
where in the last equality above we have introduced notation for Green's functions independent of the spin index, therefore the spin index can be omitted in most our derivations. The spin symmetry manifests itself in the lead self-energy components as
Note that cross-spin self-energy components are again zero and so will not be considered.
We now consider two-body interaction term V C and its corresponding correlation selfenergy components where we choose to exemplify the proposed theory through the HartreeFock approximation. The correlation self-energy components then become
where, once again, we see that the spin symmetry of the problem results in the correlation self-energies for the spin up and spin down processes being equal and the spin-transition components being zero. Observing that the retarded and advanced components for the correlation self-energies are equal, then we simplify the notation to
Transforming the correlation self-energy to the Wigner space leads to
where we see that only functional dependencies on the central time are relevant. Taking a perturbative expansion in the Green's function above results in the series
which becomes
Above perturbative orders have been identified which in turn allow us to determine the frequently appearing quantities (33) , (34) and (35) simplify to the form (nuclear indices are absent in the single nuclear degree of freedom limit)
Finalising the expressions above requires knowledge of the perturbative orders which will be the purpose of the next section.
Following the perturbative expansion procedure detailed in the main body of the paper, it can be found that the retarded and advanced adiabatic and non-adiabatic Green's functions are given by
The adiabatic and non-adiabatic lesser Green's function components are given by
It follows that one can now compute explicit expressions for the perturbative orders of the correlation self-energy and frequently appearing quantities A, B and C in section III. In the interest of presentation, however, we will not explicitly present expressions for these quantities due to the size of expressions.
For our model the equations for the adiabatic and second order non-adiabatic current averaged over nuclear velocities are given by (note the we neglect the first order current as it is linear in nuclear velocities and will vanish)
where we define the averaged transmission coefficient T (ω) as
Here have used and will continue to use bracket notation (the symbols ' ' and ' ') to denote velocity averaged quantities (notice that quantities that are not functions of nuclear velocity are not subject to this notation). In (130) we see the presence of the factor 2 s to represent the spin degeneracy.
The quantity T (ω) will serve as the main object of study for this section where, in the interest of presentation, we leave the expression for T (ω) as (130) motion plays destructive role at resonance but slightly increases conductance in the offresonance regimes, a result that agrees with calculation in our previous work. 66, 67 Contrary to the non-interacting case, non-adiabatic effects contribute constructively at resonance in the presence of electron-electron interactions in the system. Finally, we observe that the conduction profile width becomes wider with increasing values of U. 
IV. CONCLUSIONS
In this paper, we have developed a quantum transport theory for interacting electrons which takes into account non-adiabatic effects of nuclear motion. Our approach was based on non-equilibrium Green's functions and the use of Wigner representation to solve the Kadanoff-Baym equations. Slow nuclear motion implies that Green's functions vary slowly with the central time and oscillate fast with the relative time, with the same argument being applied to the correlation self-energy as well. The time derivatives with respect to central time are used as a small parameter and systematic perturbative expansion is developed to solve the Kadanoff-Baym equations of motion for the Green's functions in the Wigner space.
We produced analytic expressions for non-adiabatic electronic Green's functions which depend not solely on instantaneous molecular geometry but likewise on nuclear velocities and accelerations. The general expression for the electric current in terms of Green's functions and self-energies was converted to the Wigner space maintaining terms up to the second order in the central time derivatives. As a result, we obtained the formula for electric current through correlated central region with non-adiabatic corrections for time-varying geometry.
Our method allows the systematic treatment of electron-electron interactions and simultaneously includes dynamical effects of nuclear motion. This theory is concisely illustrated by the calculations of electron transport through the molecular junction described by the Anderson model with dynamically changing single-particle energy level.
Appendix A: Retarded/Advanced Greens Function Components
Below is the expression for G R/A (2) which takes the form
where, in the expression above, we have chosen to keep expressions for G R/A
(1) as an input.
Appendix B: Computing Green's Function Derivatives
We now calculate the quantity G RDR a G < . We know that G RDR a G < has the explicit form
We take note that
Substituting in the above expressions we conclude that
which concludes the derivation of G 
Computing
We compute G R/AP acting on G R/A
(1) in the case of arbitrary matrix coefficients X and Y . We know that G R/AP G R/A
(1) has the explicit form
We know from a previous section that
Thus, it is found thatP G
We note that 
From a previous calculation it is known that
We break the expression into four components such that
where it obviously follows that
Computing the quantity
Presenting G RP R a(1) G < (1) explicitly leads to a very large expressions that are difficult to interpret and check. To improve presentation we will present expressions for the components defined above. Through a long process one can show that
Appendix B 2
and 
